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' Abstract. We give a simple proof for the fact that algebra generators of the 

mod 2 cohomology of classifying spaces of exceptional Lie groups are given by 
pH 1 Chern classes and Stiefel- Whitney classes of certain representations. 
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1. Introduction 

One of the standard tools to compute the mod 2 cohomology of the classifying 
' space BG of a connected Lie group G is a spectral sequence converging to the mod 

2 cohomology of BG. In the case of G = £^6 or £'7, as an algebra over the Steenrod 
algebra, the iJ2-term of the spectral sequence is generated by only two elements, 
one is of degree 4 and the other is of degree 32 or 64, respectively. See [3], [1]. To 
show the collapsing of the spectral sequence, it suffices to show that the algebra 
generator of degree 32 or 64 survives to the E'oo-tcrm, respectively. It could be 
done by showing that the algebra generator is represented by a characteristic class 
of some representation of G. It is also conjectured that the mod 2 cohomology of 
BEs is also generated by these two elements as an algebra over the mod 2 Steenrod 
algebra. 

'^^^ ' Kono, in [5], gives a simple proof for the following theorem by considering certain 

. finite 2-groups in exceptional Lie groups and computing Stiefel- Whitney classes of 

• ' their representations. 

\0 ; 

I Theorem 1.1. For G = F4, Eq, Ej, Eg, there exist representations p4, pq, 

Pt, ps such that Wie{p4), cieipe), c^2(,P7) and Wi28ip8) are indecomposable in 
H*{BG\ Z/2). 

The case G = £^6 is proved by Kono and Mimura in [3], the case G = £7 is 
also proved by Kono, Mimura and Shimada in j4]. The case G = E^ '\s proved by 
Mimura and Nishimoto in |6j with rather complicated calculation. 

In this paper, we give another simpler proof for this theorem using Chern classes 
of representations of spinor groups. The method in this paper is used by Schuster, 
Yagita and the author in [5] and [5], where the degree 4 element in the integral 
cohomology of the above classifying spaces are studied in conjunction with Chern 
subring of classifying spaces. 

2. Chern classes 

Let us recall complex representation rings of spinor groups. For n > 6, we 
consider m = — . so that n — 2m or 2m + 1. Let T™ be a fixed maximal torus 
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of Spin(?i) and denote by fm ■ T"^ — >■ Spin(n) the inclusion. We also denote by 
/i : Spin(n) the composition of the inclusion of the maximal torus and the 

inclusion of the first factor into T™. The complex representation ring of Spin(ri) 
is given by 

i?(Spin(2m)) = Z[Ai, . . . , A™_2, A+, A"], 

and 

i?(Spin(2m + 1)) = Z[Ai, . . . , A™_i, A]. 

The image f^{\i) of the above generator A^ in 

i?(T") =Z[zi,zf\...,z„,z-i], 

is the i-th elementary symmetric function of + zj"^, . . . , + . The image 
/;;(A+), /,;(A-), /,;(A) in i?(T™) is given by 

/;;(A+)= ^r---^™", 

frni^ ) = ^1^ • ■ • -^m") 

and 

/,;(A)= J2 

£i---e™=±l 

Since + z,~^ maps to 2, for 1 < i < m, it is clear that 

/i*(A,) = a. + /3.(^? + ^r'), 
where = 2' ( . j , = 2*^^ ( _^ j . It is also clear that 

A*(A+) = f*{A-) 

= 2'»-2(zi+zri), 
/*(A)=2™-i(zi+zri). 

Therefore, the total Chern classes are 

c(/r(A.)) = {(l + 2u)(l~2^.)}ft 

= (i-4.y-, 

c(A*(A+))=c(A*(A-)) 

= {(l + ri)(l-^)F-^ 

in H*{BT'^]Z). 

Thus we have the following result on the mod 2 reduction of the total Chern 
classes: 



CHERN CLASSES 



3 



Proposition 2.1. The mod 2 reduction of the total Chern classes of fi{Xi), /j*(A^), 
/j* (A) are given by 

c(/r(A.)) = 1, 

c(/r(A+))=c(A*(A-)) 

c(/r(A)) = i+u2" 

in H*{BT^;'Z/2). In particular, c{flfj,) = 1 + u'^ where dcgu'"' = 2k = 2dim/^ for 



3. Generators 

In this section, let H*{X) be tiie mod 2 coliomology Z/2) of X and 

tiie reduced mod 2 coliomology H*{X; Z/2). Recall that if ^ is a real representation 
and if is its complexification, then, the mod 2 Chern class Ci(^c) is the square 
of the Stiefel- Whitney class Wi(^), that is, Ci(^c) = Wi{£_)^. 

We recall Quillen's computation of the mod 2 cohomology of i?Spin(ri). As in 



the previous section, let m 



Depending on the type of the representation of 



the spinor group Spin(n), we define /i to be to — 1 or m as follows: 
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Let p : Spin(n) ^ SO(n) be the projection. 
i?Spin(n) is given by 



Then, the mod 2 cohomology of 



iJ*(BSpin(n)) = H*{BSO{n))/J ® Z/2[z], 



where J is the ideal generated by 102, Sq^u'2, . . . , Sq^ • • • Sq^i(;2 and z is an ele- 
ment of degree 2'\ Let fi : ^ Spin(n) be the inclusion of the first factor of 
the maximal torus. Since is a closed subgroup of Spin(n), the induced homo- 
morphism Bfl : iJ*(i3Spin(n)) — >■ H*{BT^) is integral. On the other hand, since 
c(/r(Ai)) = 1, the induced homomorphism (BpoBfi)* : H*{BSO{n)) H*{BT^) 
is zero. Hence, Bfl{z) must be non-zero, that is, Bfl{z) = v? and it generates 
the image of Bf^. 

Thus, we have the following proposition: 

Proposition 3.1. The image of Bfl is a polynomial ring generated by v? , where 
H*{BT^) = Z/2[u] and degw = 2. 
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Now, we consider the following representations for exceptional Lie groups F^, 
Eq, Et, Es'- 

^ SU{26), 



SU{56), 
SU(248) 



such that 



Spin(9) 
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Pi 


50(26) 


Spin(lO) 


96 


Ee 


PC, 


SU{27), 


Spin(12) 
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E- 
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Spin(16) 
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= U 


-Ai +A^ 








= 2A 


1 + A-, 








= 84 


- A2 + A^ 



The existence of such representations (and their construction) is proved in Adams' 
book [1]. These representations are tightly connected with the construction of 
exceptional Lie groups. 

With the following table, we summarize the information we need in the proof of 
Theorem [LH 



G 


Spin(n) 


TO 


rep. 


dim of rep. 


deg 2 = 2'' 


F4 


Spin(9) 


4 


A 


16 


16 


Eg 


Spin(lO) 


5 


A+ 


16 


32 


E7 


Spin(12) 


6 


A- 


32 


64 


Es 


Spin(16) 


8 


A+ 


128 


128 



Proof of Theorem \l.l\ . For G = iJg, £^7, by Proposition l2.11 we have 



By Proposition 13.11 these elements arc indecomposable in ImS/i*. So, ci6(p6), 
C32(P7) are indecomposable in H*{BEq), H*{BEj). 

For G = F^^Es, let p4,Cj P8,C be complexification of pi^ps, respectively. Then, 
by Proposition we have 



,128 



, P8,C are com- 

,64 ' 



Cl6(/r.94P4,c) = W , Ci28(/r.g8P8,c) 

These elements are decomposable in Im Bf^. However, since p^j 
plexification of p4, ps, we have wie{figlp4) ~ u^, wi2s{flglp%) — Propo- 
sition lSm these elements are indecomposable in Imi?/]*. Hence, wiq{p4), 'Wi2s{ps,) 
are indecomposable in H*{BFi), H*{BEs). □ 

Remark 3.1. If it is shown that the generators of the mod 2 cohomology of BG 
is generated by two elements and one of these two generators is the degree 4 ele- 
ment, say 1/4, then since fi{g*iy4:)) ~ 0, we have that Im/* o g* is generated by 
fiigtiwieip^)), /i*(5^(ci6(p6))), /r(3?(c32(p7))), /r(3|(w;i28(P8))), respectively. 
Thus, we do not need to refer the reader to Quillcn's computation of the mod 
2 cohomology of i3Spin(n) to complete the proof of Theorem ll.il This is the case 
for G = F4, Eq, E7 and, if, for some r, iJ^-term of the spectral sequence converging 
to the mod 2 cohomology of BEs is also generated by two elements as an algebra 
over the Steenrod algebra, this argument is also applicable to the case G = Es- 
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